We consider the holographic entanglement entropy of (d + 2)-dimensional semilocal quantum liquids, for which the dual gravity background in the deep interior is AdS 2 × R d multiplied by a warp factor which depends on the radial coordinate. The entropy density of this geometry goes to zero in the extremal limit. The thermodynamics associated with this semi-local background is discussed via dimensional analysis and scaling arguments. For the case of an asymptotically AdS UV completion of this geometry, we show that the entanglement entropy of a strip and an annulus exhibits a phase transition as a typical length of the different shapes is varied, while there is no sign of such a transition for the entanglement entropy of a sphere. Moreover, for the spherical entangling region, the leading order contribution to the entanglement entropy in the IR is calculated analytically. It exhibits an area law behaviour and agrees with the numerical result.
Introduction
The AdS/CFT correspondence [1, 2] , or more generally, gauge/gravity duality, has been proven to be a powerful tool for studying the dynamics of strongly coupled field theories.
This paradigm has been applied to understand the low-temperature physics of stronglycoupled electron systems (AdS/CMT), such as superconductors [3, 4] and (non-)Fermi liquids [5, 6, 7] .
In most of the realistic condensed matter systems, one basic ingredient is the presence of a finite charge density. Therefore we need a conserved global charge in the gravity dual, i.e. we consider charged black hole solutions. The initial study of holographic systems at finite density focused on Reissner-Nordström black holes in AdS space, which may be considered as the simplest laboratory for exploring AdS/CMT. In particular, the fermionic two-point function in this background displays the behavior of fermionic quasi-particles corresponding to a non-Fermi liquid. This is due to the emergent AdS 2 near-horizon geometry in the extremal RN-AdS background [5, 6, 7] . However, the RN-AdS black hole has a significant disadvantage from a condensed matter point of view: it has finite entropy at extremality, i.e. at zero temperature.
A further step towards constructing gravity duals of strongly-coupled systems at finite density is to include the leading order relevant scalar operators, which on the gravity side corresponds to the Einstein-Maxwell-Dilaton system with a scalar potential. This makes the theory flow to an IR fixed point which is not the near-horizon RN-AdS geometry.
There are models in this class which have zero entropy at extremality and are therefore of interest for condensed matter applications. These models have been extensively studied in [8] , where they are characterized by studying the thermodynamics, spectra and conductivities. The analysis is based on the concept of Effective Holographic Theory (EHT).
The central point of EHT is to truncate a string theory to a finite spectrum of low-lying states. Intuitively, we may argue that the truncation is reasonable if neglected states cannot become relevant in the UV or irrelevant in the IR. In [8] the EHTs of the EinsteinMaxwell-Dilaton theory were parametrized in terms of the IR asymptotics of the scalar functions: the scalar potential and the nontrivial Maxwell coupling. Hence the exact solutions of the Einstein-Maxwell-Dilaton theory describe the IR asymptotic geometry.
The EHT has the advantage that it provides descriptions of large classes of IR dynamics, although the understanding of the dual field theory is less clear. where z denotes the dynamical exponent and θ is the hyperscaling violation parameter.
The background possesses the following scaling property,
2)
The entropy density at finite temperature scales as s ∼ T (d−θ)/z . It has been observed in [9] that for general finite z and θ, the behavior of the spectral densities in these spacetimes seem to better describe the properties of theories with bosonic degrees of freedom rather than with fermionic ones. However, in the same paper the authors consider the limit z → ∞, which allows for low-energy modes at all momenta, resembling features found in fermionic systems. Furthermore, to avoid the undesirable ground state entropy density, we may take the following limits [9] ,
Then the metric becomes
This metric is conformal to AdS 2 ×R d , which can be seen by taking a new radial coordinate
(1.5)
In the corresponding non-extremal solution the entropy density scales as s ∼ T η , which means that the entropy density goes to zero in the extremal limit. In [10] the AdS 2 × R d near-horizon geometry of the (d + 2)-dimensional extremal RN-AdS black hole is referred to as a holographic semi-local quantum liquid, characterized by a finite spatial correlation length, an infinite correlation time and a non trivial scaling behavior in the time direction.
Since the background (1.4) is conformal to AdS 2 × R d , it may be seen as a generalization of the dual of holographic semi-local quantum liquids. Backgrounds with hyperscaling violation and semi-locality were first investigated in [11] .
It is straightforward to characterize properties of Fermi surfaces in backgrounds with semilocality by performing an analysis of the fermionic correlations as in [7] . However, there is a further quantity which may help in characterizing the presence of Fermi surfaces: the entanglement entropy. It was conjectured in [12] that systems with Fermi surfaces exhibit a logarithmic violation of the 'area law' behavior of the entanglement entropy. In the same paper, the authors construct a gravity dual which displays the expected behavior for non-Fermi liquids. Furthermore, it has been shown that when the hyperscaling violation parameter θ = d − 1, the background (1.1) also exhibits a violation of the 'area law' [13] . However, the interpretation of this violation as a sign for a Fermi surface stands in contrast to the results of [9] , where the spectral density does not seem to describe a fermionic system (see discussion above eq. (1.3)). For subsequent developments in this direction, see [14] .
One may wonder how the entanglement entropy will behave if we take the limit (1.3) in the background with hyperscaling violation. It has been observed in [9] that when the entangling region on the boundary is a strip, then only for a strip width l = l crit there is a connected minimal surface solution (see figure 1.1). For all other values of l the solution is a disconnected minimal surface, i.e. two slabs reaching into the bulk without ever touching each other. It was conjectured in [9] that if the hyperscaling violating geometry is an IR completion of an asymptotically AdS spacetime, then the connected minimal surface may exist for separation lengths l < l crit , while for l > l crit two disconnected minimal surfaces dominate. This describes a phase transition between the disconnected and connected solutions. Interestingly, a similar behavior is observed in confining geometries [15] . The holographic entanglement entropy of five-dimensional extremal two-charge black hole in type IIB supergravity was considered in [16] , where the near-horizon geometry is of the type (1.4) with d = 3, η = 1. Also in this case, the same behavior of the entanglement entropy for the strip as described above was found. An advantage of the background studied in [16] is that the full geometry is explicitly known, hence the following picture may emerge: For sufficiently large boundary separation length l the hypersurface in the bulk should probe the IR limit of the geometry, which means that the background may be approximated by the semi-local geometry. Then there exists a maximal value of l = l crit beyond which only the disconnected hypersurfaces contribute. For sufficiently small l, the entangling surface probes the UV and the full geometry should be taken into account.
These arguments are confirmed by numerics in [16] , where the authors also state that the transition at l crit is second order. On the other hand, for a spherical entangling region a phase transition of this type was not observed.
In this paper we study holographic entanglement entropy of (d+2)-dimensional semi-local quantum liquids for general η. For completeness we first review the exact solution with semi-locality both at extremality and at finite temperature. Even though the solutions only describe the IR geometry, we may still study their thermodynamical properties by dimensional analysis and scaling arguments. Then we calculate the holographic entanglement entropy in the extremal background with the entangling surfaces being a strip and a sphere. For the strip case we find, similarly to the cases discussed above, that there exists only a connected solution if the boundary separation length l is constant.
For the sphere case, we are able to calculate the entanglement entropy analytically and find that the leading order contribution exhibits an area law behavior. As discussed in the previous paragraph, the full geometry is needed if the boundary separation length is sufficiently small, therefore we construct the full (d + 2) dimensional geometry for generic values of η (see eq. (1.3)), which is asymptotically AdS and possesses semi-locality in the IR. We compute the holographic entanglement entropy in this geometry. For the strip case, the behavior of the entanglement entropy is as expected: the connected hypersurface dominates when the boundary separation length l is small, while the disconnected hypersurfaces dominate when l > l crit . However, in the sphere case we do not find such a transition. Finally as proposed in [16] , we calculate the entanglement entropy for an annulus entanglement surface in order to interpolate between the sphere and the strip case. The annulus is supposed to approximate the spherical entanglement entropy behavior when the inner radius is very small compared to the outer radius, while the same behavior as in the strip case is obtained for both radii large and their difference small. We find that there is a transition taking place between two concentric spheres (disconnected solution) and a deformed annulus (connected solution) at a critical value (∆ρ) crit of the difference between the outer and inner radius. Several aspects of this transition are very interesting: First as opposed to the strip case where the transition from the disconnected to the connected solution is second order, here, depending on the dimension and the value of the inner and outer radii we find a swallow tail behavior, known from first order phase transitions. For larger radii we see a second order transition, this is an indication that for large radii we are indeed approximating the strip case. Second, the maximal radii difference (∆ρ) max for which a connected solution exists, approximates l crit (critical width of the strip) with increasing values of the radii. Note that (∆ρ) max = (∆ρ) crit only in the cases where we find a second order transition. Finally, we do not find a solution with vanishing inner radius in order to approximate the sphere. This is due to the fact that for decreasing values of the outer radius, the difference between the radii also decreases, with the difference being smaller.
The paper is organized as follows: We review the exact solutions both at extremality and finite temperature and study the corresponding thermodynamics in section 2. Then we calculate the entanglement entropy in the extremal background for both the strip and the sphere cases in section 3. After constructing solutions asymptotic to AdS in the UV in section 4, we revisit the holographic entanglement entropy for entangling regions being a strip, a sphere and an annulus in section 5. A summary and an interpretation of the results are given in section 6.
The background with semi-locality
In this section we study the background with semi-locality. After reviewing the solutions both at extremality and at finite temperature, we will study the thermodynamics by dimensional analysis and scaling arguments.
The background
We start from the action of Einstein-Maxwell-Dilaton theory,
with effective gauge coupling and scalar potential
Here Z 0 , V 0 , α, β are constants characterizing the theory. Theories of this type were named "Effective Holographic Theory" in [8] . The backgrounds with hyperscaling violation and general semi-locality as used in the subsequent sections were first investigated in [11] . The equations of motion are given by
It was observed in [13] that the above theory admits the exact solution
where f 0 and g 0 are constants determined by Z(Φ) and V (Φ), which will not be explicitly written down here. θ is the hyperscaling violation parameter and z is the dynamical exponent, which are determined by α and β,
We are interested in the limit
following [9] . This requirement leads to
which can be easily obtained by taking such a limit in (2.5). Then the solution at extremality is given by
Such a background possesses the following scaling properties
Furthermore, in this background only t and r are involved in the scaling symmetries while the spatial coordinates x i are spectators, hence the background geometry is "semilocal" [10] and it can be easily seen that it is conformal to AdS 2 × R d .
The finite-temperature counterparts can be written as follows
, (2.10)
while the other field configurations remain invariant as in the extremal case. The temperature and entropy density of this black hole are given by
Note that we always have s ∼ T η , irrespective of the number of spatial dimensions.
Thermodynamics
Let us study the thermodynamics of the semi-local geometry. Generally, the full solution should be considered when considering the thermodynamics, while for our case the exact solution just describes the IR geometry. However, we can still discuss the thermodynamics by dimensional analysis and scaling arguments, following [17, 18] .
As discussed in previous subsection, it can easily be obtained that 
where C ∼ L d G N and a depends on the coupling constant η. The specific heat is given by
which is always positive. The other thermodynamical quantities are determined by the Gibbs-Duhem relation
where P is the pressure and n denotes the number density.
The pressure reads
where the first term can be obtained by integrating the Gibbs-Duhem relation while keeping µ fixed, and the second term can be fixed by dimensional analysis. Here φ 0 is the asymptotic value of the dilaton. The number density is given by
Finally the energy density is
which leads to
Note that the results are valid when T ≪ µ. As the temperature increases for fixed µ, the geometry is no longer a good approximation and the corrections to the above formulae will become important. Moreover, the suscetibility is given by
Note that when d > η + 1 or d < η, the first term is positive, when η < d < d + 1, the first term is negative, while the second term is always positive. The susceptibility characterizes the stability of the system. However, to determine whether χ actually turns negative, which signals a phase transition, requires to consider the regime beyond the limit T ≪ µ.
Holographic entanglement entropy in the semi-local background
In this section we calculate the holographic entanglement entropy in the background with semi-locality, with the entangling surface being a strip and a sphere. For this purpose we consider the case where g 0 = 1 in (2.8),
This metric is conformal to AdS 2 × R d , which may be seen explicitly after taking the
The metric (3.1) is used when calculating the entanglement entropy of a strip, while the metric (3.2) is considered when dealing with the case of a sphere. For the strip case we find that the boundary separation length is always constant, which means that in the deep IR, the disconnected surfaces dominate. For the sphere case we are able to extract the leading order behavior of the entanglement entropy analytically, following [19] 1 . The analytic results are confirmed by numerical evaluations and the leading order behavior exhibits an 'area law'.
The strip
The holographic entanglement entropy (HEE) in Einstein gravity is determined by [21, 22, 23 ] 3) where G N denotes the Newton constant and γ A is the codimension two minimal area surface which coincides with ∂A at the boundary. This formula has been proven in [24] for a spherical entangling region and in [25] for more general cases. Let us consider the strip case,
where l ≪ L x . The induced metric is given by
where we have parameterized the minimal surface area γ A by x = x(z). Therefore the minimal surface area reads
Since the Lagrangian does not explicitly contain x, there exists a conserved quantity
Here z * denotes the turning point where x ′ diverges. The boundary separation length l is
which gives 10) which is constant in arbitrary d dimensions.
The constant boundary separation length has been observed for several other examples, for example, for NS5-branes in [22] and for backgrounds with semi-locality [9, 16] . As argued in [9] , this result indicates that a minimal surface connecting the lines at the boundary only exists for a specific separation l = l crit , and a connected minimal surface only exists for separations l < l crit . As l → l crit , the minimal surface droops increasingly further into the IR and when l > l crit , the disconnected minimal surface ( two surfaces falling into the IR at constant separation) dominates. This behavior is reminiscent of holographic entanglement entropy in confined phases [15] . Moreover, as claimed in [16] , when l is sufficiently large, the hypersurface should probe the IR geometry, which is just our background (3.1). In this case there exists a maximal value l = l crit which corresponds to the curved solution.
The trivial solution x ′ = 0, i.e. disconnected hypersurface dominates when l > l crit . When l is sufficiently small, the entangling surface should probe the UV of the geometry, and l is expected to be a smooth function of z * . We will see that this picture holds when working with the UV-completed geometry.
The sphere
In this subsection we calculate the holographic entanglement entropy with a spherical entangling surface. For convenience we work with the metric (3.2), which is explicitly
and the induced metric is given by
We find that the minimal surface area reads 12) which leads to the equation of motion
Following [19] , let us take the ansatz ξ(ρ) = λe −Aρ B , where A, B and λ are constants. Note that in large R limit, most of the hypersurface lies in the near horizon region, hence the The blue, red and green curves correspond to the cases d = 2, 3, 4 respectively. metric (3.2) provides an approximate description. The value of λ may be fixed as follows:
We impose the condition that the crossover from the near-horizon region to the full metric to happen at ρ ∼ R, which leads to ξ(R) ∼ 1, hence λ = e AR B . After substituting the ansatz for ξ(ρ) to (3.13), the equation of motion becomes
The values of A and B can be determined by extracting the leading order (large R) behavior,
The behavior of ξ(ρ) in different dimension d is plotted in Figure 3 .1. It should be emphasized that there is no trivial solution ξ ′ = 0 in this case, hence the phase transition seen in the strip case cannot be observed here.
The holographic entanglement entropy is given by
16)
It can be verified that for all dimensions d, the leading order term is given by R d−1 , which means that the area law always holds. Note this is an IR behavior while the usual 'area law' refers to the UV behavior. In particular, we have the following results for d = 2, 3,
(3.17) Here are some remarks on the result of d = 2. Consider a disk with a smooth boundary of length L in (2 + 1) dimensions, the entanglement entropy is given by
The parameter α in the first term is cutoff dependent and the second term gives the topological entanglement entropy, where D denotes the total quantum dimension. The topological entanglement entropy is a constant term and it provides a measure of topological order. Holographic calculations of topological entanglement entropy in confining backgrounds were performed in [20] , where the authors observed that the topological entanglement entropy vanishes in the large L limit. Coming back to our results, it can be seen that there is no topological entanglement entropy in the d = 2 case, which might suggest that there is no long-range topological order in the ground state of semi-local quantum liquids.
The AdS completion
In this section we construct solutions which are asymptotically AdS and possess semilocality in the IR. As argued in [16] , when the full geometry is considered, for sufficiently large boundary separation length l the hypersurface in the bulk should probe the IR geometry. However, there exists a critical value l crit which corresponds to the maximal separation length for which there still is a connected hypersurface. For l > l crit only the disconnected solution exists. The transition between the connected and disconnected hypersurfaces is second order, since the former asymptotically approaches the latter as l → l crit . When l is sufficiently small, the hypersurface probes the UV region of the geometry, and l is expected to be a smooth function of the turning point z * . The background studied in [16] involves a two-charge dilatonic black hole, which is an exact solution of type IIB supergravity truncated on S 5 with only two of the three U(1) charges being equal and nonzero. The black hole is asymptotically AdS 5 and possesses semi-locality with η = 1 in the IR. Therefore in order to show that the picture works at a more general level, we should first perform the AdS completion.
Following [12] , let us begin with the Einstein-Maxwell-dilaton action
The corresponding equations of motion are given by
3)
The ansatz for the solution is as follows:
The Einstein tensor can be obtained by making use of (4.5),
,
An appropriate energy condition should be imposed in order to have a physically sensible solution, so here we consider the null energy condition (NEC), T µν N µ N ν ≥ 0, where N µ denotes any null vector and T µν = G µν . We can take the following components of the null vector,
where θ is an arbitrary constant. Then it can be seen that
The NEC is satisfied if and only if
Note that we are looking for asymptotically AdS d+2 solutions where the AdS boundary is located at z = 0, so f (0) = g(0) = 1. Moreover, we introduce a scale z F such that z ≫ z F corresponds to the IR limit and z ≪ z F corresponds to the UV limit. The solution for the U(1) gauge field is easily obtained by substituting the background metric into the equation of motion,
where A is the integration constant. The solutions for Φ, V (Φ), Z(Φ) are as follows,
, (4.13)
Note that if we impose physical constraints Φ ′2 ≥ 0, Z(Φ) ≥ 0, the above equations lead to exactly the same expressions as those derived from NEC.
For completeness we first consider the IR solution,
where p ≡ 2d/η and k is a positive constant. The solution for V (Φ), Φ and Z(Φ) are given by
We write V (Φ) and Z(Φ) in terms of Φ,
The black hole solution reads
while the other field configurations remain the same.
Next we will embed the zero-temperature IR solution (4.15) into AdS spacetime. We may take the following ansatz for f (z) and g(z),
It can be seen that f (0) = g(0) = 1 and f (z), g(z) reduce to the IR solution (4.15) when z → ∞. Then the solutions for Φ and Z(Φ) are given by 
Note that Φ ′2 is always ≥ 0 while it is not the case for Z(Φ). However, we may impose a sufficient but not necessary condition 2kd − 2kp > 0 so that 1/Z(Φ) > 0, which leads to p < d. The UV behavior of these fields may be obtained by taking z → 0,
On the other hand, the scalar potential is given by
If we take the UV limit z → 0, it becomes
The first term is just the cosmological constant and the second term gives the mass square
, so the BF bound is satisfied in our case. The behavior of V (Φ) and Z(Φ) with d = 2 is plotted in Figure 4 .
HEE for the full solution
After constructing the full solution which is asymptotically AdS in the UV and possesses semi-locality in the IR, we consider the holographic entanglement entropy for this geometry. We find that for a strip entangling region, the behavior of the entanglement entropy agrees with the picture proposed in [16] , i.e. the boundary separation length l is a smooth function of the turning point and it approaches l crit as z * is large enough. As a result, the connected surface dominates when l is sufficiently small and the disconnected surface dominates for l which is large enough. We also consider the cases in which the entangling region is a sphere and an annulus.
The strip
Let us consider strip case,
where l ≪ L x . The induced metric can be read off from the solution (4.5)
where we have parameterized x = x(z). The minimal surface area is given by
We get the conserved quantity
which leads to 5) where z * denotes the turning point. The boundary separation length is given by
.
(5.6) For both cases l and l crit have significant differences when z * is sufficiently small, which means that the minimal surface just probes the geometry near the UV. As z * increases, the minimal surface goes deeper into the IR and l approaches l crit .
Recall that in the IR,
which is constant. If we consider the full solution
, the boundary separation length reads
The behavior of l vs z * is plotted in 5.1 for d = 2, 3 with z F = 1.
It can be seen that l is a smooth function of z * . When z * is small, significant differences between l and l crit can be observed. However, when z * is sufficiently large, l approaches
Recall that the holographic entanglement entropy is determined by
where A(γ) denotes the minimal surface area. We will plot the finite part the one on the right is for d = 3. As l → l crit the entanglement entropy tends to be constant.
while taking the limit a → 0. Note that the divergent term is the standard result obtained in [22] . On the other hand, the disconnected surface is given by x ′ = 0, so the minimal surface area reads
The behavior of ∆A = A finite − A disfinite for d = 2, 3 is plotted in Figure 5 .1, where we have subtracted the divergent term for A dis (γ). It can be seen that when l < l crit , the connected surface dominates, as l → l crit , the difference tends to zero, which signifies that the disconnected surface will dominate. This behavior agrees with the picture proposed in [16] .
The sphere
Next we consider the case of a spherical entangling region with ρ ∈ [0, R]. The induced metric is given by
The minimal surface area is from which we can derive the equation of motion for ρ(z),
Note that in this case there is no conserved quantity or trivial solution ρ ′ = 0. We can solve for ρ(z) numerically by fixing the boundary conditions ρ(0) = R, ρ(z * ) = 0, where z * denotes the turning point. The plots for d = 2 and d = 3 are shown in Figure 5 .2. We plot the finite part of the holographic entanglement entropy where 16) are the standard results given in [22] . We are interested in the deviation of the finite part of HEE from the area law [16] , which can be analyzed by performing the numerical fits on the numerical data. The resulting behavior reads 17) which may indicate that for large R the finite HEE is still governed by the area law, consistent with the conclusion in [16] .
The annulus
From our evaluation of the holographic entanglement entropy for the cases of a strip and a sphere we may conclude that there is a phase transition in the strip case, while no such transition occurs for the sphere case. This behavior has also been observed in [16] , where the background is a charged dilatonic black hole in type IIB supergravity truncated on S 5 , whose near horizon geometry possesses semi-locality with η = 1.
As argued in [16] , a third scale supplied by the anisotropy of the strip should play a role in understanding the phase transition. One way to see this is to consider deforming the sphere entangling surface continuously into an ellipsoid, which can finally result in a strip shape entangling region. The phase transition should appear suddenly during this process. However, the ellipsoid is technically quite complex, hence we focus on a simpler case, the annulus, and leave the ellipsoid to future work.
In the annulus case we expect to approximate a sphere in the limit of vanishing inner radius and the strip for both, the inner and outer radius, large in comparison to their difference. We will see that this interpolation between these two geometries will not work out entirely as expected. In the following we will calculate the holographic entanglement entropy for annulus entangling region.
In this case we parametrize z = z(ρ) and obtain the induced metric 18) where dot denotes partial derivative with respect to ρ. The minimal surface area is given by 19) which leads to the equation of motion 20) with boundary condition z(ρ 1 ) = z(ρ 2 ) = a → 0. We plot the finite part of the minimal surface area 21) where the divergent terms are given by [26] , . From this behavior we deduce that the annulus tends towards the strip solution for large radii. The other limit, however, where we aim at approximating a sphere, does not work entirely as expected, since for each given pair of radii of the annulus solution, we always find a maximal difference (∆ρ) max between both which is smaller than outer radius ρ 2 . Therefore we can at most approximate two concentric spheres, but never one sphere alone. Even this is not always possible, as the small radii d = 3 case described above shows. Nevertheless, the similarity in most of the parameter space to the behavior seen in confining geometries is astonishing (see [15, 20] ).
It would be interesting to understand if there is a common origin to this resemblance.
Finally in the annulus as well as in the strip case l crit = πz F /d plays an important governing the phase transition, however, to our knowledge, there is no known dual interpretation of this value. This would be interesting to study. Since it is possible to embed the solution described in section 2 into string theory, at least for the η = 1 case (see [16] ), in principle it should be possible to compute the entanglement entropy in the dual theory, although probably this is not feasible from a technical point of view. 
Summary and discussion
We considered the holographic entanglement entropy of semi-local quantum liquids, whose gravity dual in (d+2)-dimensions is described by a metric which is conformal to AdS 2 ×R d in the IR. The near-horizon geometry is an exact solution of the Einstein-Maxwell-Dilaton theory and its thermodynamics may be investigated, at least qualitatively, by dimensional analysis and scaling arguments. We calculated the holographic entanglement entropy in the IR geometry for both a strip and a sphere. In this geometry, the width of the strip at the boundary l is always constant and the disconnected surface dominates when l > l crit .
The phase transition between the strip and the two disconnected slabs becomes apparent in the full geometry, which is asymptotically AdS and possesses semi-locality in the IR.
When the value of the turning point z * is small, i.e. the boundary separation length l is small and the surface probes the UV part of the geometry, l is a smooth function of z * and the connected surface dominates. When z * is sufficiently large, l approaches the critical value l crit and the disconnected surface dominates. However, such a phase transition is not observed for the spherical entangling region, neither in the IR nor in the full solution. In this case we find for the full solution that z(r = 0) (turning point of the spherical solution)
grows exponentially with R. This is in agreement with equation (A5) of [27] (z t in that paper corresponds to z(r = 0) in our case). In addition, the holographic entanglement entropy may be calculated analytically in the IR for the spherical case, which matches the numerical results very well.
In order to interpret the behavior of holographic entanglement entropy with different entangling regions, we also considered the annulus case as an interpolating geometry between the sphere and the strip, following [16] . For annulus type solutions we have to rely on numerics, therefore we restrict ourselves to the d = 2 and d = 3 case. The common features in both dimensions are that we find two connected solutions, with one being preferred over the other, i.e. it has lower entanglement entropy. Furthermore for certain values of ∆ρ, the difference between the outer and inner radius of the annulus at the boundary, we see a transition from the preferred connected solution to a disconnected solution (two concentric spheres). In the d = 2 case there always seems to be a transition,which is first order for small values of the outer radius and becomes a second order transition for increasing values of the radii. In the d = 3 case for small values of the radii we cannot find any transition at all. Increasing the values of ρ i leads to a second order transition. There is no indication of a first order transition in d = 3. Finally there is a maximal value of ∆ρ = (∆ρ) max for a connected solution which in the limit of large radii ρ i tends towards the value of the critical length of the strip l crit . Therefore for large radii we approximate the strip. In the other limit of small radii, our solution approaches the case of two concentric spheres, since ∆ρ < ρ 2 with ρ 2 being the outer radius, and not to a single sphere with vanishing inner radius.
The behavior of HEE in our background is in parts similar to that in confining backgrounds [15, 20] . It was observed in [15] that when the entangling region is a strip in confining backgrounds, there exist two different types of minimal surfaces. The connected surface dominates when the boundary separation length l is smaller than a critical value l crit while the disconnected one dominates when l > l crit . This is very similar to what we see in our strip case. However, for spherical entangling regions in confining geometries a phase transition was also observed in [20] opposed to what we get.
From the discussions above we see that the spherical solution seems to be special. This may be due to a missing scale, as proposed in [16] , which in the strip case comes from the anisotropy of the system and in the annulus case corresponds to the middle radius (ρ 1 + ρ 2 )/2.
A further interpretation for this behavior is provided in [27] , where the renormalized entanglement entropy near an IR fixed point is extensively studied. The background metric reads
where f (z) can approach either a constant or a power law function az n , a > 0, z > 0 in the IR z → ∞. Clearly our case falls into the class with n = 2. Therefore we also find the exponential behavior of the turning point of the minimal surface corresponding to the spherical entangling region described above. Moreover, it was observed in [27] that the geometry with n ≥ 2 describes a gapped phase while for n = 2 the system has a continuous spectrum above the gap ∆ = d/2. They argued that the presence of a continuum above a gap may be responsible for the peculiar behavior of the HEE. Note that in our case the critical value of the boundary separation length can be rewritten as
which may provide certain physical interpretation of l crit , relating it to the gap. It would be interesting to explore the connections between the behavior of HEE and the energy gap of the system in future work.
